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Based on the algebraic Riccati equation approach, this paper presents a simple, flexible method for designing
full-order observer-based robust-H. control laws for linear systems with structured parameter uncertainty. The
observer-based robust-H., output-feedback control law, obtained by solving three augmented algebraic Riccati
equations, provides both robust stability and disturbance attenuation with Hx.-norm bound for the closed-loop
uncertain linear system. Several tuning parameters are embedded into the augmented algebraic Riccati equations
so that flexibility in finding the symmetric positive-definite solutions (and hence the robust-H. control laws)
is significantly increased. A benchmark problem associated with a mass-spring system, which approximates the
dynamics of a flexible structure, is used to illustrate the design methodologies, and simulation results are

presented.

Introduction

HE problems of robust stabilization of uncertain linear

systems have been studied by many researchers. The
algebraic Riccati equation (ARE) approach to the stabilization
of the systems with structured parameter uncertainty has been
developed by Petersen and Hollot,! Petersen,? Schmitendorf,3
Jabbari and Schmitendorf,* Khargonekar et al.,” and Wang
et al.’ These approaches have generally utilized the concept
that a given ARE-based control law guarantees the existence
of a quadratic Lyapunov function (and hence stability) for
a closed-loop uncertain linear system. Also, other recent re-
search attention, (e.g., Petersen,” Khargonekar et al.,® Glover
and Doyle,’ Bernstein and Haddad,'© Doyle et al.,'! and
Scherer!?) has shown that ARE-based robust controllers are
able not only to stabilize the linear systems with no uncertain
parameters but also reduce the effect of disturbances on the
controlled output to a prespecified level.

Moreover, Madiwale et al.!* and Veillette et al.'* have pro-
posed alternative ARE-based robust controllers that provide
both robust stability and disturbance attenuation with H,.-
norm bounds for the systems with structured parameter uncer-
tainty. In Ref. 13 their design method involves solving, in
general, four coupled modified Riccati/Lyapunov equations,
and the designed full-order and/or reduced-order robust con-
trollers guarantee robust stability, robust (H,) performance,
and H,, disturbance attenuation for uncertain linear systems.
In Ref. 14, in order to obtain full-order robust controllers for
both robust stability and disturbance rejection with H-norm
bounds, their design method embedded the information of
structured system uncertainty into the AREs that were used
for nominal H, disturbance-attenuation design.

In this paper we present a simple, flexible method based on
the ARE approach for determining full-order observer-based
robust-H,, output-feedback dynamic control laws for the sys-
tems with structured parameter uncertainty. The developed
state- and output-feedback control laws provide both robust
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stability and H,, disturbance attenuation for closed-loop un-
certain linear systems. The design procedure is described in the
following. First, we determine a robust-H, state-feedback
control law by solving the first augmented ARE, which ac-
counts for both structured system uncertainty and H,, distur-
bance attenuation. Second, based on a dual concept, a full-
order robust-H,, observer is obtained by solving the second
augmented ARE, which is dual to the one used in designing the
robust-H,, state-feedback control law. The structure of our
observer is different from that developed in Ref. 11, which
considers the estimation of the worst disturbance. Third, when
the third augmented ARE has a symmetric positive-definite
(SPD) solution, the resulting observer-based dynamic control
law guarantees both robust stability and H,, disturbance atten-
uation for a closed-loop uncertain linear system. Several tun-
ing parameters are embedded into the augmented AREs to
enhance flexibility in finding the SPD solutions and hence the
robust-H.,, control laws.

A benchmark problem associated with a mass-spring sys-
tem, which approximates the dynamics of a flexible struc-
ture,'5-!8 is used to illustrate the design methodologies, and
simulation results are included.

Notation and Problem Formulation
Throughout this paper all matrices and vectors are consid-
ered to be real and of appropriate dimensions. Also, we denote
the following:

Omax(M) = maximum singular value of a matrix M
Omin(M) = minimum singular value of a matrix M
IM]| = matrix norm, ||M]| & (M)
I = identity matrix of appropriate dimension
0 = null matrix of appropriate dimension
M > (=)0 = matrix M is symmetric positive (semi-) definite
M < (=<)0 = matrix M is symmetric negative (semi-) definite
P>(z)Q =means P-Q>(=)0
P<(=)Q =means P—-Q <(=<)0
Consider the uncertain linear system
X(t)=(A4 +AA)x(t) + Bu(t) + Dw(t) (1a)
y(t)=Cx (1) + Sv(¢) (1b)
Cix(¢)
1) = 1
z(1) [Dlu(t) (1c)
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where x(t) is the state, u(¢) is the control input, y(z) is the
measured output, w(z) and v(r) are disturbances, and z(¢) is
the controlled output. The unknown but bounded structured
uncertainty is described by

AA = Y a;A; (2a)

where g; are uncertain parameters and A; are known constant
matrices. Without loss of generality, we assumed that

la;| =1, i=1,...,¢ (2b)

Note that the uncertainty matrix A4 can be time varying.
Applying the singular value decomposition (SVD) technique!®
to A;, we can decompose each A; as

A;=T;UT, i=1,...,0 (2¢)
where T;and U, are weighted unitary matrices. We assume that
the nominal system trio (A, B, C) is controllable and observ-
able. Let a scalar 6>0 be the given disturbance-attenuation
constant. The problem is to design an output-feedback dy-
namic control law of the following form:

Xc(1) = Acx (1) + Boy(t) (32)
u(t) = Cex.(1) (3b)

such that the closed-loop system in Eqs. (1) is stable and the
H,, norm of the closed-loop transfer function matrix from the
disturbance input w(7) & [w7(z), v7(1)]7 to the controlled out-
put z(¢) in Egs. (1) is less than 6 for all AA in Egs. (2).

When A4 =0, D/D,=1, SST=1, and the trio (4, D, C\)
is controllable and observable, a necessary and sufficient con-
dition for the existence of a dynamic controller that stabilizes
the nominal system in Egs. (1) and achieves the H,-norm
bound 3, is given by Doyle et al.'! as follows:

a) There exists a matrix P; >0 satisfying the following Ric-
cati equation:

1
ATP + PLA - P, (BBT— 5 DDT>P1 +C/Ci=0 @

and the resulting matrix 4 — [BBT—(1/6%)DDT] P, is stable.
b) There exists a matrix P, >0 satisfying the following Ric-
cati equation:

1
AP, + P,AT — P2<CTC- 5 C1T01>P2 +DDT=0 (5

and the resulting matrix A — P,[CTC —(1/8%)CTCy] is stable.
¢) The matrix [I - (1/6%)P,P\]~'P, is symmetric positive
definite,
Suppose that there exist P,>0 and P,>0 satisfying the
conditions (a-c); then an observer-based output-feedback dy-
namic control law is obtained!! as

x.(t) = <A+ é DDTP1>xC(z‘) + Bu(t)

1 -1
- <1 -5 P2P1> P,CT[Cx (1)~ y(1)] (62)

u(t)y= —B'Pix.(1) (6b)

where the term (1/6)D7P,x.(t) in Eq. (6a) is interpreted
as the estimation of the worst disturbance, i.e., w(r)
=(1/8)D7P, x(1) (Ref. 11).

In this paper we design an alternative observer-based out-
put-feedback dynamic control law of the following form:

X(£) = Axc(t) + Bu (1) + K, [ Cx.(1) - y(1)] (72)

UNCERTAIN LINEAR SYSTEMS

u(t) =K.x.(t) (7b)

which does not assume the presence of the worst disturbance
in the observer design for both robust stabilization and H,,
disturbance attenuation of the uncertain linear system in
Egs. (1). Applying the dynamic control law in Egs. (7) to the
uncertain system in Egs. (1) gives the following closed-loop
system:

[ x(r)] B [A +AA BK. ] [x(t)]
5.0 | ~KoC A+BK.+K,C||x.(0)

5 eslli)
lo —k,s]| v (8a)

n-16 ][x(t)] o
X% 0 bk || x(0) (80)
By introducing the observer error e(t)=x(¢t)—x.(¢f), we can

transform the system in Egs. (8) to the following augmented
system:

[x(z)} B [A +AA+BK, -BK. } [x(t)]
ey AA A+K,Clle®
RS 9
“Ip K,s8|| v ©a)
oo [ C 0 Mx(t)] ob
D=1 p k. ~DK.|ew) Ob)

Now the problem is reduced to designing a state-feedback gain
K. and an observer gain K, in Egs. (7) such that the augmented
system in Eqs. (9) is stable and the H, norm of the transfer
function matrix from w(¢)=[w7(¢),v7(¢)]7 to z(¢) in Egs. (9)
is less than some prespecified value for all A4 in Eqgs. (2).

In the following development we utilize the following matrix
inequality:

1
XXM+ L YYH £ (XY YXH) 20 (10)

where X and Y are any two appropriately dimensioned ma-
trices, and £ is a positive scalar. The following lemma will be
utilized in the sequel.

Lemma 1.'* Let A, D, and E be matrices of appropriate
dimensions. For a given positive scalar §, if there exist a SPD
matrix P and a positive scalar £ such that

- - _ 1 _
ATP + PA + %PDDTP + ggETE<0 an

then A is a stability matrix, and H(s) = E(sI — A)~'D satisfies
HS) <8 (12)
|

Robust State-Feedback Control

If the state of the system in Eqgs. (1) is available for measure-
ment and a state-feedback control law is utilized, then the
disturbance v(¢) in Eq. (1b) has no effect on the controlled
output z{f) of the closed-loop system. Let the state-feedback
control law be given by

u(t) = K.x(t) 13)
The closed-loop system in Egs. (1) becomes

(1) = (A + AA + BK )x(1) + Dw(1) (14a)
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z(1) = [DIC}(] x(2) (14b)

Note that, when e(¢) =0, the closed-loop system in Egs. (9)
reduces to

X(1)=(A+AA +BK.)x(t) + [D, 0]W(t) (15a)
(1) = [ DS(J x(t) (15b)

which is identical to the one in Egs. (14).

The following theorem is developed for finding a robust-H.,
state-feedback gain K. such that the closed-loop system in
Egs. (15) is stable and the H,, norm of the transfer function
matrix from w(¢) to z(¢) in Egs. (15) is less than some prespeci-
fied value for all AA in Egs. (2).

Theorem 1. Consider the closed-loop system in Egs. (15)
with the structured uncertainty described in Egs. (2). Let 6>0
be the given disturbance-attenuation constant. Suppose that
there exist positive scalars £;>0, i=1,...,f [where { is the
number of uncertain parameters as in Egs. (2)] and o >§
>02,,.(D,)/48, and a matrix Q.>0 such that the Riccati
equation

! 1 N
ATP. + P.A + ), <£,~PCT,-T,-TPC + %’_ U,»U,~T> + £ P.DDTP,
i=1 i
1
s
has a SPD solution P., where T;and U;, i =1, ..., are defined
in Eq. (2¢). Then, the closed-loop system in Egs. (15) is stable

and the H,, norm of the transfer function matrix from Ww(¢) to
z(¢) in Eqgs. (15) is less than é for all A4 in Egs. (2) with

1
cre, - PCB<I ~ 3 D1TD,>BTPC +0.=0 (16)

K.= —v.BTP, (17a)
where v, satisfies either
285 1 1 1 285 1
S ~Zzy. 25— —2>0
(D) 27752 O 2= 2 D)
ax
(17b)

Proof. The basis for the proof is similar to that in Ref. 6 and
that in Ref. 13, but it is included here for completeness and
clarity. Suppose that P, >0 satisfies the Riccati equation in
Eqgs. (16). To show that the system in Eqgs. (15) with K, given
by Eqs. (17) is stable and satisfies the H,-norm bound é for all
AA in Egs. (2), by Lemma 1, it suffices to show that

0.2 ~(A+AA +BK.)TP, — P.(A +AA +BK,)

f
8

1
P.DDTP, — ﬁ (clc,+KIDID\K,)

is SPD for all A4 in Egs. (2). From Egs. (16), it follows that

i=1 i

- ! 1
0. =Y <£,»PL.T,-T,TPL. + : U U,T> — AATP,

1—442
—P.AA + PCB[(Zyc -+ —4—5—“ DITD,]BTPC + Q.

Also, using the assumption in Egs. (2b) and the matrix in-
equality in Eq. (10), we obtain the following inequality:

d 1
-En <§iPCT,7",.TPC Y U,-T> — AATP, - P.AA

i

d 1
= _21 |ai| |:£iPcTiTiTPc + E_ [JiljiT:t(})cTiL]iT+ UiTiTPC)J

v
=]

Now, if v, satisfies Eq. (17b), it is easy to see that

1 —4y2 2y, +1
= DI+ ~—=<D/Dy=Q2y.— W\ I-—"5~—DID, ) =
(2y ) 4Es 1Dy =2y )( 46 144 0
As a result, 0. = Q. >0, which completes the proof. ||

Remark 1. The Riccati equation in Eq. (16) is constructed
to account for both structured uncertainty in Eqgs. (2) and H,
disturbance attenuation 6. If there is no system uncertainty
(i.e., AA =0) and disturbance attenuation is not required (i.e.,
§— o), this eugmented Riccati equation in Eq. (16) reduces to
an ordinary Riccati equation that arises in the linear quadratic
regulator problem.? [ ]

Remark 2. 1t should be noted that a tuning parameter v,
is introduced in Egs. (17) to give an explicit bound for which
K. is allowed to vary without affecting robust stability and

. disturbance attenuation of the closed-loop system. In other

words, Egs. (17) can be interpreted as a constraint of the gain
margin for the closed-loop uncertain system (15), which has
both robust stability and disturbance attenuation.

Remark 3. The introduction of the weighting matrix Q,,
the disturbance-attenuation constant &, the tuning parameters
£,i=1,...,¢ and  in Eq. (16) enables the proposed approach
to be more flexible in obtaining the robust-H,, state-feedback
gain K.. In other words, the introduced parameters can be
appropriately tuned to select a suitable compromise among
system performance, robust stability, and disturbance attenua-
tion. When solving for K., each tuning parameter £; can be
individually and successively decreased until Eq. (16) has a
SPD solution. In our experience, when a robust control law
exists for a given uncertain linear system, we are able to find
the robust control law without any numerical problems. W

Robust Output-Feedback Control

When the state is not available for state-feedback design, the
design problem reduces to finding an observer-based output-
feedback dynamic control law in Eqs. (7) for both robust
stabilization and disturbance attenuation of the system in
Egs. (1) with structured uncertainty in Egs. (2). Let 6> 0 be the
desired disturbance-attenuation constant and P, >0 be a ma-
trix satisfying Eq. (16). With the state-feedback gain K. in
Eq. (7b) obtained using Theorem 1, the closed-loop sytem in
Eqs. (15), which can be reduced to Eqgs. (9) when e(¢)=0, is
stable and the H,, norm of the transfer function matrix from
w(t) to z(¢) in Egs. (15) is less than 6 for all A4 in Egs. (2).
Now the problem remaining to be solved is to find a robust-H,,
observer gain K, in Eq. (7a) for not only reconstructing the
state but also achieving both robust stability and H, distur-
bance attenuation of the closed-loop system in Egs. (9).

To determine the desired robust-H,, observer gain K,, we
reformulate the system in Egs. (9) as

{xc(z)} B [A +BK, -K,C ][xc(t)]
e(r) | AA  A+AA+K,C|| e

[0 —K,,S] [w(l)] 8
"lp ks ||lvn (182)
_ Cl Cl XL.(t)
@ = [D,KC 0] [ e(t)} (180
When x.(¢) =0, the preceding system can be reduced to
e(t)y= (A +AA +K,C)e(t) + [D,K,S1w(t) (19a)
G
z() = [ 0 ] e(t) (19b)

which is dual to the one in Egs. (15). Hence, the following
theorem, which is dual to Theorem 1, is developed to find the
observer gain K, such that the closed-loop system in Egs. (19)
is stable and the H., norm of the transfer function matrix from
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w(t) to z(¢)in Eqgs. (19) is less than some prespecified value for
all AA in Eqgs. (2).

Theorem 2. Consider the closed-loop system in Eqgs. (19)
with the structured uncertainty described in Eqs. (2). Let
6>0 be a given disturbance-attenuation constant. Suppose
that there exist positive scalars ¢;>0, i=1,...,f, and
o0 >8> 02,,(S)/46 and a matrix Q, >0 such that the Riccati
equation

4 1 ~
AP, + P, AT+ Y <e,-P,,U,-U,.TP,, +— T,-T,.T> + gp,,cf C/P,
A .

i=1
1 1
+ —DDT - POCT<I— —— SST>CP0 +Q,=0 (20)
€6 4¢6

has a SPD solution P,, where T; and U,, i=1,...,{, are de-
fined in Eq. (2¢). Then the closed-loop system in Egs. (19) is
stable and the H,, norm of the transfer function matrix from
w(t)to z(¢)in Egs. (19) is less than 6 for all AA in Egs. (2) with

K, = '_'YoPoCT (21a)
where v, satisfies either

2€d 1
— S =Y =

1
02 (S) 2 T2

or tzyz—2 1o @)
2 min(S) 2

Let 6>0 be the given disturbance-attenuation constant and
P, >0 and P, >0 be the matrices satisfying Egs. (16) and (20),
respectively. Then the respective K. and K, in the observer-
based dynamic control law in Eqgs. (7) can be obtained using
the respective Theorems 1 and 2 for both robust stabilization
and H,, disturbance attenuation of the system in Egs. (1) with
the structured uncertainty in Egs. (2). However, the resulting
closed-loop system in Egs. (9) may not be stable and the H,,
norm of the transfer function matrix from Ww(¢) to z(¢) in
Egs. (9) may not be less than § for all AA in Egs. (2) due to the
failure of the separation theorem for robust stabilization and/
or H,, control design of uncertain linear systems.

For convenience, we rewrite the augmented system in Eqgs.
(9) as follows:

X = (A + A1) + Dw(e) (22a)
z2(1) = Ex(1) (22b)

where W(t) is as previously defined, and

& [x(t)] R [A +BK, -BK, ]
e()|’ 0 A+K,C

~ala4a o A[D 0
AA = , D=
A4 0 D K,S

T | DK, —-DK.

From Egs. (2) the structured uncertainty matrix A4 can be
expressed as

-

AA =

N . - T,-_ - U;
a;T;UT with T, = and U, = 23)
i=1 T; 0

I

where a;, T;, and U;, i =1,...,4, are defined in Egs. (2).

u—= m=1 MNWNA my=1 —>w
OO OO0

Fig. 1 Two-mass/spring system.

The following lemma gives a sufficient condition for both
robust stability and H,, disturbance attenuation of the closed-
loop system in Egs. (22) with the structured uncertainty in
Eq. (23).

Lemma 2. Consider the closed-loop system in Egs. (22)
with the structured uncertainty described in Eq. (23). Let >0
be the given disturbance-attenuation constant. Suppose that
there exist positive scalars {;>0, i=1,...,f, and ©>{>0,
and a matrix O >0 such that the Riccati equation

PDDTP

Ovltq-)

ATP + B +E<,-PT,»’I’,TP EUU,T>
+=ETE+Q =0 4)

has a SPD solution P, where T;and U;, i =1, ... ¢, are defined
in Eq. (23). Then the closed-loop system in Egs. (22) is stable
and the H,, norm of the transfer function matrix from w(¢) to
z(¢) in Egs. (22) is less than 6 for all A4 in Eq. (23).

Proof. Suppose that P >0 satisfies the Riccati equation in
Eqs. (24). Using the equality in Eqgs. (24) and the matrix in-
equality in Eq. (10), we obtain the following matrix inequality:

il

T M ~

TN
‘:\'
"])
'\])
"U;
+

+0=0>0

for all A4 in Eq. (23). Hence, by Lemma 1, we conclude that
the closed-loop system in Egs. (22) is stable and satisfies the
H,-norm bound 6 for all A4 in Eq. (23). ||

Design for a Benchmark Control Problem

To highlight the concepts and methodologies presented in
the previous sections, design problems 1 and 3 of the bench-
mark example'S-'® associated with a mass-spring system, which
approximates the dynamics of a flexible structure, are consid-
ered here. The two-mass/spring single input/single output sys-
tem, shown in Fig. 1, is described by

k t
(0 + = [ty — x| = 20 (252)
h, "y
k t
(1) + = [rx(0) 3y ()] = 2L (25b)
ny Lp)
with a noncollocated measurement
() =x(t) + Sv(t) (25¢)
and the controlled output
| x(0)
z(1) = [D,u(t)} (25d)

where u(t) is an actuator input; w(t¢) is a disturbance input;
v(t) is a white Gaussian noise process with unit power spectral
density and S =0.01, my=m,=1; k is an unknown but
bounded uncertain stiffness parameter with 0.5<k <2; and
the weighting matrix D, is to be chosen upon design.

Let k,om and Ak denote the nominal value and variation of
the uncertain parameter k = k., + Ak, respectively. Then, by
defining x;(#)=x,(¢) and x4(¢)=x,(¢), we can represent this
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uncertain linear system as that in Egs. (1) with the nominal
system matrices given by

—_ O

- knom knom

o O o =

knom - knom

o
—
]

(26a)

and the structured parameter uncertainty given by

AA =alA1,

—l=a =1,

[ o 0 0

A= (26b)

0
0

0
—Ak Ak
Ak —Ak

S O O ©

where Ak is a scalar such that Ak=>|Ak|. Furthermore, the
matrix A; can be decomposed into A,=T U/ as that in
Eq. (2¢) using the SVD technique'® with

Ti=[0 0o Vak -vak]”
and

U =[-Vak ~ak 0 o] (26¢)

Design Problem 1

This problem considers only robust stabilization but not dis-
turbance attenuation (i.e., §— ) of the uncertain system in
Eqgs. (25). To find a suitable control law in Egs. (7) that guar-
antees the stability of the uncertain system in Egs. (25) for
0.5<k=<2.0, we let kyom=1.25 and Ak=0.75. After trial-
and-error iterations with successive reduction of the tuning
parameters &, ¢;, and {;, a robust controller is obtained as
follows. First, a robust state-feedback gain K. in Egs. (7) is
determined using Theorem 1 as follows. With Q.=1 and

1=0.01 [the terms (¢/8)P.DDTP.and 1/(6C7C)) in Eq. (16)
vanish for §— o], the Riccati equation in Eq. (16) has a SPD
solution P,. With vy, = Y2, a robust state-feedback gain can be
obtained from Egs. (17) as

K. = —~vBTP, =[-5.1696 4.2561 —2.3294 —1.3973]
27
Then Theorem 2 is utilized to find a robust observer gain X,
in Egs. (7) as follows. With Q, =17 and ¢, =0.005, the Riccati
equation in Eq. (20) has a SPD solution P,. From Egs. (21),
we choose v, = ¥2 and obtain
K, = —7,P,CT=[-1.5136 —2.6720 5.9842 —6.8848]7
(28)
Combining K. in Eq. (27) and K, in Eq. (28) yields the follow-
ing output-feedback dynamic control law as that in Eqgs. (7):

X(1) =(A+BK.+K,C)x.(1) = Koy(1)

0 —1.5136 1 0
0 ~2.6720 0 1
= x.(1)
—6.4196  11.4903 —2.3294 —1.3973
1.2500 —8.1348 0 0

1.5136

2.6720 .
‘ 2
50842 7 (292)

6.8848

u(t)y =Kx.(t)=[-5.1696 4.2561 —2.3294 —1.3973]x.(¢)
(29b)

By Lemma 2, the dynamic control law in Egs. (29) guarantees
the stability of the uncertain system in Egs. (25) for all 0.5
=<k <2.0, since the associated augmented Riccati equation in
Eq. (24) has a SPD solution for O =1 and {;=0.01. In fact,
with the robust dynamic control law given in Egs. (29), the
closed-loop system is found to be stable for all 0.36 <k <3.27.
Note that the stability range of the stiffness & has been sig-
nificantly increased. The dynamic control law (29) is stable but
non-minimum phase with poles located at —0.9988 &5 3.0265
and —1.5019+,1.5378 and zeros located at —7.6327,
—0.0766, and 0.2238. The gain and phase margins of the loop
transfer function with this robust control law for £ =1.0 are
1.197 (1.56 dB) and 16.06 deg, respectively. Such gain and
phase margins are relatively small compared to typical 6-dB
and 40-deg margins employed in practice. However, it is im-
portant to note that the control design problem here is con-
cerned with stability robustness with respect to plant uncer-
tainty caused by parametric variation of the spring stiffness k.

The robust control law (29) is somewhat conservative (as can
be seen from the enlargement of the stability range) for this
particular control problem. After a certain amount of trial and
error, a less conservative control law is obtained as follows.
We choose knom = 1.0 and Ak =0.45. Following the same pro-
cedure as that given earlier, a robust state-feedback gain K.
is determined as

K. =[-25.8854 11.2182 -8.6724 —28.2250] (30)

by solving the Riccati equation in Eq. (16) with Q.=201,
€;=0.02, and y. =1 in Eqgs. (17). Then a robust observer gain
K, is determined as

K, =[-2.0057 —3.0953 2.5573 -4.2719]T 31

by solving the Riccati equation in Eq. (20) with Q,=1,
€;=0.07, and v, =1 in Eqgs. (21). The resulting output-feed-
back dynamic control law in Egs. (7) with K, in Eq. (30) and
K, in Eq. (31) is

0 —2.0057 1 0
0 —3.0953 0 1
*et) = —26.8854 14.7756 —8.6724 —28.2250 xe(t)
1 —5.2719 0 0
2.0057
3.0953
_as573 70 (322)
4.2719

u(t)=1-25.8854 11.2182 —8.6724 —28.2250]x.(¢)
(32b)

The stability range of the robust control law (32) is found to be
0.497 <k <2.10. The dynamic control law (32) is stable but
non-minimum phase, with poles located at —4.3594 +1.6653
and —1.5245+;2.8838 and zeros located at -—0.1554 and
0.6635+0.9801. Root locus vs overall loop gain of this con-
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Fig. 2 Root locus vs overall loop gain with control law in Egs. (32)

for k =1.0.
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trol law for the nominal spring stiffness £ =1.0 is shown in
Fig. 2. The gain and phase margins of the loop transfer func-
tion with the robust control law for £ = 1.0 are 1.466 (3.32 dB)
and 29.61 deg, respectively.

Let w(¢) be a unit-impulse disturbance, and let the initial
conditions be zero for the following simulations. The time
response of x;(¢), x,(¢), and u(¢) with the control law in
Egs. (32) for k =1.0 are shown in Fig. 3. It is observed from
Fig. 3 that the peak magnitude of the controlled variable x,(¢)
is ~ 1.5 and that x,(¢) has settled downin <11.0s for k =1.0.
Note that the control law (29) achieves a larger stability range
(0.36 <k <3.27) than the control law (32) (0.497 <k <2.10),
at the expense of less satisfactory time responses [with a peak
magnitude of x,(¢) at around 5.0 and a settling time around
19.0 s for kK =1.0] due to its conservativeness.

Design Problem 3

This problem considers both robust stabilization and distur-
bance attenuation of the uncertain linear system in Egs. (25).
In particular, we consider the case that the desired value of H,,
disturbance-attenuation bound § is unity. We also consider the
case that a designed observer-based robust controller will re-
ject the cyclic disturbance w(¢), which is caused by a sinusoidal
disturbance of frequency 0.5 rad/s with unknown but constant
amplitude and phase.

Case 1

We set the desired disturbance-attenuation constant é=1
and let the weighting matrix D, =0.005. We let kpop=1.0 and
Ak=0.5. First, a robust-H,, state-feedback gain is determined
as

K.=1-338.559 —1512.29 —46.3161 ~-1271.49] (33)

by solving the Riccati equation in Eq. (16) with Q.=0,
£,=5.0e—4, £=1.25¢—5, and v.=1 in Egs. (17). Then a
robust-H,, observer gain is determined as

K, =[~-303.608 —33.6515 73.3764 —282.167]7 (34)

by solving the Riccati equation in Eq. (20) with Q,=0,
€,=5.0e -5, é=5.0e — 5, and v, =1 in Eqgs. (21). The result-
ing output-feedback dynamic control law in Egs. (7) with K. in
Eq. (33) and K, in Eq. (34) is

0 —303.608 1
) 0 ~33.6515 0
*e(1)= —339.559 -1437.92 —46.3161
1 —283.167 0

u(r)=1-338.559 —-1512.29
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Fig. 3 Time response to a unit impulse disturbance with control law
in Egs. (32) for k =1.0.

The poles of this dynamic control law are -37.2122,
—26.3170, and —8.2191 + 9.4946, and the zeros are —0.5995
and —0.4198 £ 1.0425. Notice that the dynamic control law is
minimum phase and stabilizes the uncertain system in Egs. (25)
for 0.382 <k <2.32. The gain and phase margins of the loop
transfer function with the robust control law for kK =1.0 are
2.363 (7.47 dB) and 30.23 deg, respectively.

For the following simulations we let w(¢)=sin 0.5¢, and we
let initial conditions be zero. The time responses of x;(#), x,(¢),
and u(¢) with the control law in Egs. (35) for £ = 1.0 are shown
in Fig. 4. It is seen that x,(¢) satisfies the H,, disturbance-
attenuation bound 6=1.0 with a peak magnitude of ~0.3
and that x,(¢) has settled down ~ 20 s for k¥ =1.0. In fact, the
actual H,-norm of the closed-loop transfer function for
k =1.0 is found to be 0.405. Hence, the control law in Egs.
(35) achieves good disturbance attenuation in x,(¢) against
w(?) of any frequency. It is noted that the control effort u(¢)
is quite large due to the measurement sensor noise.

Case 2
Let w(¢) be a cyclic disturbance described by

w(t)=A, sin(0.5¢ + ¢)

where A,, and ¢ are unknown but constant. Since the fre-
quency of the disturbance is 0.5 rad/s, we can differentiate

0 303.608
1 33.6515 y (353)
A1)+ t a
—-1271.29 Xe(1) —73.3764 4
0 282.167
—46.3161 —1271.491x.(¢) (35b)
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Fig. 4 Time responses to a sinusoidal disturbance with control law in Eqgs. (35) for £ =1.0.

Egs. (25a) and (25b) twice until w(z) disappears in the resulting
system!8 and obtain

X8 = =k [Bi(0)+0.25x,(2) — %2(1) ~ 0.25x2(2)]

~ 0.25%(¢) + (1) (36a)
X5) = =k [%2(8) +0.25x(1) — %,(£) — 0.25x,(1)]
— 0.255%(¢) (36b)
where #(¢) is a new control variable defined as
(1) A () + 0.25u(t) (37

The new system (36) contains uncontrollable poles at s =
£/0.5. Hence, a new state, X,(¢) 2 %,(¢)+0.25x,(¢), is intro-
duced to remove the uncontrollable poles from Eqs. (36). Then
Eqgs. (36) become

(1) = —k&(t) + k [¥A0)+0.25x(0)| + 2(r)  (38a)
x$(t) = — (k +0.25)%,(2) — 0.25kx,(t) + k&(¢) (38b)

For the uncertaig system given in Eqs. (38), we assume that
kyom=1.0 and Ak =0.75. Define

(1) = [&a(0), 51(0), x2(2), %21, Xo1), xP(1)]

Then Egs. (25¢) and (38) can be represented as

2) = (A +AA)x(1) + Bin(t) (39a)
y(t) = Cx(t) + Sv(1) (39b)

where the nominal system matrices are given by

o1 o o o o

-1 0 025 O 1 0

. 0 O 0 1 0 0

A=

0 0 0 0 1 0

0 0 0 0 0 1

I 0 025 0 —1.25 0

K.=[-149.934 —20.1325 16.9424

—99.5035
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u(t)

100 '
0
100 L - L
0 10 20 30 40

Time (sec)

_OA - o2 7T
1 0
o )
B= , &=
0 0
4] 0
10 0]

and the structured parameter uncertainty is given by

A=aA, —l=a,=<1
r 7
0 0 0 0 0 0
~0.75 0 0.1875 0 075 O
. 0 0 0 0 0 0
A1=
0 0 0 0 0 0
0 0 0 0 0 0
075 0 -0.1875 0 -0.75 0

The matrix A, can be decomposed into A, =T, U/ using the
SVD technique'® with

Ty=[0 0.66081 0 0 0 -0.66081]7

and

U =[0 -0.65072 0 0.16268 0 0.65072]7

To find a suitable control law of the form

()= (A +BR.+K,O)x.(1) - K,y (1) (40a)

(1) = K xc(1) (40b)
as in Egs. (7) to stabilize the uncertain system in Egs. (39), we
follow the same procedure as in design problem 1. First, a
robust state-feedback gain is determined as

—17.9660 —319.192} 41

by solving the Riccati equation in Eq. (16) with Q. =1007, £,=8.0e — 5, and vy. =1 in Eqgs. (17). Then a robust observer gain is

determined as

K, =[-3.68632 67.4489 15.1218

—63.1613

—125.940 -77.321217 (42)
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Fig. 5 Time response to a sinusoidal disturbance with control law in Eqs. (44) for k =1.0.

by solving the Riccati equation in Eq. (20) with Q, = 1007, ¢;=2.0e —4, and v, =1 in Egs. (21). The resulting output-feedback
dynamic control law in Egs. (40) with K, in Eq. (41) and K, in Eq. (42) becomes

j‘c(t) = Ackc(t) + ch(t)y

where
[ o 1
~150.934 —20.1325
) 0 0
A= 0 0
0 0 ~125.940
1 0

L

C.=[-149.934 -20.1325 16.9424

Combining Eqs. (37) and (43) yields the following eighth-order
dynamic output-feedback control law:

A, O6x2

. B,
X (t) = m c. [ 0 1} X (1) + [ 0} y(1) (442)
1 ~0.25 0
u(@)=[01x6 1 Olx.(2) (44b)

The poles of the dynamic control law are +;j0.5, —9.50,
—6.3214, —8.2575+/4.8882, and —1.4589+/3.1428, and
the zeros are ~0.0821, 0.6762+,0.7221, and 0.0645
+7j0.4498. Notice that the dynamic control law in Eqs. (44)
has four non-minimum phase zeros and stabilizes the uncer-
tain system in Egs. (25) for 0.498 <k <2.02. The gain and
phase margins of the loop transfer function with the robust
control law for kK =1.0 are 1.659 (4.40 dB) and 33.99 deg,
respectively.

For the following simulations, again, we let w(¢)=sin 0.5¢,
and we let initial conditions be zero. The time responses of
x1(t), xy(t), and u(¢) with the control law in Eqs. (44) for
k =1.0 are shown in Fig. 5. The peak magnitude of the con-
trolled variable x,(¢) for k =1.0 is ~7.6. Also, Fig. 5 shows
that, for k = 1.0, x,(r) has settled down and the cyclic distur-
bance is rejected in x,(¢) within 20 s.

Remark 4. Based on our experience in numerous computer
simulations for finding a suitable tradeoff among system per-
formance, robust stability, and disturbance attenuation, we
have the following observations: The weighting matrices Q.
and Q, are important factors for achieving the requirements
of system performance; the tuning parameters £; and ¢; play
dominant roles for robust stability; and the value of § has

—3.68632

84.6414
—15.1218
—63.1613

—-77.5712

u(t) = Ccy(1) (43)
0 0 0 |
~99.5035 —16.9660 —319.192
1 0 0
0 1 0
0 0 1
0 —1.2500 0

=[3.68632 —67.4489 15.1218 63.1613 125.940 77.3212]7

—99.5035 —17.9660 —319.192]

a significant effect on disturbance attenuation of the closed-
loop system. In all, the choice of the values of the introduced
parameters is a design freedom, and a certain amount of expe-
rience is helpful. n

Conclusions

Based on the algebraic Riccati equation approach and
Lyapunov stability theory, a new observer-based robust-H,,
output-feedback control law has been developed for both
robust stabilization and disturbance attenuation with H-
norm bound for an uncertain linear system. These observer-
based disturbance-attenuation robust-stabilizing control laws
can be easily constructed from the symmetric positive-definite
solution of a pair of augmented Riccati equations. A simple
dual concept has been utilized for finding the robust-H,
state-feedback gain K, and the robust-H,, observer gain K,.
Also, the proposed approach is more flexible than some exist-
ing methods in the sense that additional tuning parameters
(e.g., £, ¢, and {) have been introduced in the derivations to
achieve robust stabilization and disturbance attenuation for
uncertain linear systems. A benchmark problem associated
with a mass-spring system has been used to illustrate the design
methodologies.

Acknowledgments

This work was supported in part by the U.S. Army Research
Office, under Grant DAAL-03-91-G-0106, and NASA John-
son Space Center, under Grant NAG 9-380. The authors
wish to express their gratitude for valuable remarks and
suggestions made by the reviewers and by B. Wie, Department
of Mechanical and Aerospace Engineering, Arizona State
University.



WANG, SHIEH, AND SUNKEL: UNCERTAIN LINEAR SYSTEMS 1133

References

Petersen, I. R., and Hollot, C. V., ‘A Riccati Equation Approach
to the Stabilization of Uncertain Linear Systems,”’ Automatica, Vol.
22, No. 4, 1986, pp. 397-411.

2Petersen, 1. R., “‘A Stabilization Algorithm for a Class of Uncer-
tain Linear Systems,”” Systems and Control Letters, Vol. 8, No. 4,
1987, pp. 351-357.

3Schmitendorf, W. E., ““‘A Design Methodology for Robust Stabi-
lizing Controllers,”’ Journal of Guidance, Control, and Dynamics,
Vol. 10, No. 3, 1987, pp. 250-254.

4Jabbari, F., and Schmitendorf, W. E., ‘A Noniterative Method
for Design of Linear Robust Controllers,”’ Proceedings of the 28th
IEEE Conference on Decision and Control (Tampa, FL), Dec. 1989,
pp- 1690-1692.

5Khargonekar, P. P., Petersen, 1. R., and Zhou, K., “‘Robust
Stabilization of Uncertain Linear Systems: Quadratic Stabilizability
and He Control Theory,”’ IEEE Transactions on Automatic Control,
Vol. 35, No. 3, 1990, pp. 356-361.

6Wang, Y. ., Shieh, L. S., and Sunkel, J. W., “A Linear Quadratic
Regulator Approach to the Stabilization of Uncertain Linear Sys-
tems,”’ Proceedings of the AIAA Guidance, Navigation, and Control
Conference, AIAA, Washington, DC, 1990, pp. 1742-1749.

TPetersen, 1. R., “Disturbance Attenuation and He Optimization:
A Design Method Based on the Algebraic Riccati Equation,’’ IEEE
Transactions on Automatic Control, Vol. 32, No. 5, 1987, pp. 427~
429.

8Khargonekar, P. P., Petersen, I. R., and Rotea, M. A., “He-
Optimal Control with State-Feedback,”’ IEEE Transactions on Auto-
matic Control, Vol. 33, No. 8, 1988, pp. 786-788.

9Glover, K., and Doyle, J. C., ‘‘State-Space Formulae for all Stabi-
lizing Controllers that Satisfy an He-Norm Bound and Relations to
Risk Sensitivity,”” Systems and Control Letters, Vol. 11, No. 3, 1988,
pp. 167-172.

19Bernstein, D. S., and Haddad, W. M., “‘LQG Control with an Ho

Performance Bound: A Riccati Equation Approach,’’ IEEE Transac-
tions on Automatic Control, Vol. 34, No. 3, 1989, pp. 293-305.

HDoyle, J. C., Glover, K., Khargonekar, P. P., and Francis, B. A.,
“‘State-Space Solutions to Standard H; and Ho Control Problems,”’
IEEE Transactions on Automatic Control, Vol. 34, No. 8, 1989, pp.
831-847.

12Scherer, C., ‘““Hw-Control by State-Feedback and Fast Algo-
rithms for the Computation of Optimal Ho-Norms,”’ IEEE Transac-
tions on Automatic Control, Vol. 35, No. 10, 1990, pp. 1090-1099.

13Madiwale, A. N., Haddad, W. M., and Bernstein, D. S., ‘‘Robust
Hos Control Design for Systems with Structured Parameter Uncer-
tainty,”” Systems and Control Letters, Vol. 12, No. 5, 1989, pp. 393-
407.

14Veillette, R. J., Medanic, J. V., and Perkins, W. R., “Robust
Stabilization and Disturbance Rejection for Systems with Structured
Uncertainty,”’ Proceedings of the 28th IEEE Conference on Decision
and Control (Tampa, FL), Dec. 1989, pp. 936-941.

15Byun, K. W., Wie, B., and Sunkel, J. W., “Robust Control Syn-
thesis for Uncertain Dynamical Systems,”’ Proceedings of the AIAA
Guidance, Navigation, and Control Conference, AIAA, Washington,
DC, 1989, pp. 792-801.

16Wie, B., and Bernstein, D. S., ““A Benchmark Problem for Ro-
bust Control Design,”’ Proceedings of the American Control Confer-
ence (San Diego, CA), May 1990, pp. 961-962.

!7Collins, E. G., and Bernstein, D. S., ““Robust Control Design for
a Benchmark Problem Using a Structured Covariance Approach,”
Proceedings of the American Control Conference (San Diego, CA),
May 1990, pp. 970-971.

18Rhee, 1., and Speyer, J. L., ‘“Application of a Game Theoretic
Controller to a Benchmark Problem,’’ Proceedings of the American
Control Conference (San Diego, CA), May 1990, pp. 972-973.

19Skelton, R. E., Dynamic Systems Control, Wiley, New York,
1988.

20 Anderson, B. D. O., and Moore, J. B., Linear Optimal Control,
Prentice-Hall, Englewood Cliffs, NJ, 1990.



